Momentum dependence of quantum corrections with higher-dimensional Lorentz violation is examined in electrodynamics on orbifolds. It is shown that effects of the Lorentz violation are not decoupled at high energy scales. Despite the loss of the higher-dimensional Lorentz invariance, a higher-dimensional Ward identity is found to be fulfilled for one-loop vacuum polarization. This implies that gauge invariance may be prior to Lorentz invariance as a guiding principle in higher-dimensional field theory. As a universal application of electrodynamics, an extra-dimensional aspect for Furry's theorem is emphasized.
Introduction
Field theory with extra dimensions provides an interesting framework for physics beyond the standard model. As in the four-dimensional case, one of the fundamental keys that characterize theory is symmetry which is preserved or broken. In models with extra dimensions, a variety of symmetry breaking have been provided [1] - [11] . It has also been shown that combinations of sources for extra-dimensional symmetry breaking are relatively accommodating and yield various possibilities [12] - [14] . Associated with nonrenormalizable properties, it is still controversial whether quantum corrections are validly extracted in the field-theoretical context. Higher-dimensional field theory can be regarded as a high-energy effective theory with a distinct ultraviolet completion. While attempts for realistic models have been developed, most of models such as orbifold models with a minimal setup require higher-dimensional Lorentz invariance as a basic symmetry. However, extra dimensions are clearly different than our four dimensions. It includes potentially an extra-dimensional Lorentz violation.
If the Lorentz invariance in extra dimensions is violated, it is important to be taken into account whether the symmetry breaking is spontaneous or not. When a symmetry breaking is described to be spontaneous in a certain theory, the corresponding symmetry is expected to be recovered at high energies in its framework. The Higgs mechanism is this type of symmetry breaking. Symmetry breaking in orbifolding involves the extradimensional origin. It is nontrivial whether symmetry is recovered at high energy scales. Even if the starting action is Lorentz invariant, loop effects can give rise to a Lorentz violation. If a model in the standpoint of effective field theory beyond the standard model allows that the Lorentz invariance is lost at high energy scales, the starting action should be described in a Lorentz-non-invariant manner or only approximately in a Lorentz-invariant manner with respect to extra dimensions. The extra-dimensional Lorentz violation has been found to affect spectra, Kaluza-Klein parity and parity violation [15] . Therefore in the field-theoretical context it should be clarified if the extra-dimensional Lorentz invariance on orbifold models is asymptotically preserved.
In this paper, we study momentum dependence of Lorentz violating terms in electrodynamics on an orbifold S 1 /Z 2 . With an explicit analysis for loop diagrams and renormalization, it is shown that effects of the Lorentz violation are not decoupled at high energy scales. As another notable feature, despite the loss of the higher-dimensional Lorentz invariance, a higher-dimensional Ward identity is found to be fulfilled for oneloop vacuum polarization. This implies that higher-dimensional gauge invariance may be prior to higher-dimensional Lorentz invariance as a guiding principle in a high-energy field theory. We also discuss an extra-dimensional aspect for Furry's theorem.
The paper is organized as follows. In Sec. 2, our Lorentz violent action is given. In Sec. 3, a formalism of a renormalization is shown in the orbifold model. In Sec. 4, the asymptotic energy dependence of Lorentz violating terms is given. It is also shown that higher-dimensional Ward identity is fulfilled for one-loop vacuum polarization. In Sec. 5, a discussion about Furry's theorem is given. In Sec. 6, we conclude with some remark. The detail of loop corrections is summarized in Appendix A.
Five-dimensional electrodynamics and Lorentz violation
We start with the action for five-dimensional quantum electrodynamics,
with the Lorentz invariant action, 2) and the Lorentz violating action
where λ and k are dimensionless coupling constants and their nonzero values indicate the violation of the five-dimensional Lorentz invariance. After a renormalization, both of λ and k are momentum-dependent. The Lorentz violating terms such asψγ 5 ψ can be absorbed by the terms in Eq. (2.3) via a field redefinition [15] . The actions (2.2) and (2.3) have gauge invariance although its form is not in a Lorentz-invariant way. The gauge fixing action is denoted as S GF , whose explicit form will be given after a field redefinition with respect to renormalization factors. The fifth-dimensional Lorentz violation is only taken into account while the four-dimensional Lorentz invariance is preserved. The fivedimensional indices are denoted as M. Greek indices µ run over 0,1,2,3 and the fifth index is denoted as y. The gamma matrices are given by 4) where the Pauli sigma matrices are used as
where the fundamental region is 0 ≤ y ≤ L. The fivedimensional spacetime is flat with the metric (1, −1, −1, −1, −1). The orbifold boundary conditions for gauge fields and fermions are
such that the photon and left-handed Weyl fermion have zero mode. In order to perform renormalized perturbation, we define renormalized fields as
The Lagrangian terms for the gauge field are rewritten as
where λ r is the renormalized coupling for λ. Among the counterterms in the equation (2.9), the cross term ∂ µ A yr ∂ y A µ r also appears. The renormalization factors are given by
10)
The part of the gauge field has the original three coefficients λ, Z A and Z 5 . One of the four renormalization factors δ 1 , · · · , δ 4 can be written in terms of the other factors. For example, δ 4 is
The equation (2.9) has gauge invariance although it is not the five-dimensional Lorentz invariant form. It is convenient to choose the gauge fixing action as
For the gauge ξ = 1, the kinetic term and λ r term in Eq. (2.9) and the gauge fixing yield
where the rescaling has been employed asÃ yr ≡ √ 1 + λ r A yr for the canonical normalization. Unless 1 + λ > 0, tachyonic degrees arise. At the moment its positivity is assumed. The cross terms of A µ and A y are gathered into a total derivative −(1 + λ r )∂ y (A µ r ∂ µ A yr ), which is vanishing due to periodicity. From Eqs. (2.1) and (2.8), the Lagrangian terms for the fermion are rewritten as
where k r is the renormalized coupling for k. Correspondingly to the two coefficients k and Z ψ , the renormalization factors are given by δ 5 = Z ψ − 1 and
The Lagrangian terms of interactions are rewritten as 16) with the rescaled fieldÃ yr for A yr . Here
For couplings and fields, the subscript r and tilde to indicate renormalized and rescaled quantities will be suppressed hereafter.
In order to calculate quantum loop corrections, we write down the four-dimensional Lagrangian based on a mode expansion. From the equations of motion, the mode expansion of fields is given by
After the integration of the fifth space, the four-dimensional Lagrangian is obtained as
Here the quadratic Lagrangians are given by
The Lagrangian L quad Aµ for A µ has counterterms for δ 1 and δ 3 . The Lagrangian L quad Ay for A y has a counterterm for δ 2 . For the Lagrangian L quad cross , there is a cross term only for the counterterm. The renormalization factor δ 4 is not independent of δ 1 , δ 2 , δ 3 . The Lagrangian L quad ψ for ψ has counterterms for δ 5 and δ 6 . The n-th masses of bosons and fermion are
We have defined Dirac fermions as
and introduced the left-chiral projection operator P L ≡ (1 2 + iγ 5 )/2. The interaction terms of the Lagrangian are
where counterterms for interactions have been omitted. The sum of modes for three indices is denoted as
. At tree level, λ and k affect the Kaluza-Klein spectrum given in Eq. (2.26). The equation (2.23) means that A yn has no counterterm for the mass. As an explicit consistency check, it will be shown that the oneloop two-point function for A yn has the bulk divergence only for a four-momentum term. In Eq. (2.28), the termsψ n P L A yn ψ 0 andψ 0 P R A yn ψ n have relative sign andψ n A ym ψ ℓ has the factor (δ n,m+ℓ − δ n+m,ℓ ). The importance of their signs will be emphasized in Sec. 5.
Renormalization on orbifolds
In this section, we give a formalism of the renormalization for two-point functions for A µ and A y . The one-loop vacuum polarizations for A µ and A y are diagonal with respect to Kaluza-Klein modes. The detail of a calculation is summarized in Appendix A.
The tree level propagators for the s-th fields A µs and A ys are
where p 2 = p µ p µ . For simplicity, iǫ will be omitted hereafter. Exact propagators can be decomposed with one-particle irreducible amplitudes. At one-loop level, diagrams of the decomposition are shown in Figure 1 , where an unshaded circle denotes a one-loop diagram. The corresponding equations are written as
The one-loop vacuum polarizations have the tensor structure given by
where the explicit forms of Π 1 , Π 2 and Π 3 will be given later. With these quantities, the one-loop exact propagators are solved as 
where G ν5 = G 5ν . Now we perform the renormalization. From the Lagrangians (2.22), (2.23) and (2.24), the contributions of counterterms are led to
Only three renormalization factors among δ 1 , · · · , δ 4 are independent. All the divergence associated with Π 1 , Π 2 , Π 3 , Π 55 must be removed with three renormalization factors. As the first step, it is convenient to fix the renormalization condition for the off-diagonal component, G 5ν (m which corresponds to the fixing of δ 4 . For Π 3 = 0, the other propagators are simplified as
(3.14)
For Eq. (3.13), G µν , the term of (p 2 η µν − p µ p ν ) is renormalized with the counterterm for δ 1 . The corresponding renormalization condition can be imposed as Π 2 (m Renormalization for fermion self-energies would be given in a similar procedure. It may be technically complicated since one-loop self-energies are not diagonal with respect to Kaluza-Klein modes. This can be found from explicit one-loop amplitudes summarized in Appendix A. A feasible way to treat off-diagonal components has been developed in Ref. [16] . At the first step to address asymptotic behavior of the Lorentz violation, we are interest in not only Lorentz invariance but also gauge invariance. Both of these invariances can be simultaneously examined when the vacuum polarization rather than the self-energy is analyzed. Therefore we focus on the effects on the vacuum polarization for A µ and A y and the issue for determining momentum-dependent amplitudes with external fermions will be left for future work.
Energy dependence of Lorentz violating terms and higher-dimensional Ward identity
Following the formalism of the previous section, we analyze explicit one-loop results for the Lorentz violation. The one-loop contributions for the vacuum polarization, Π
1 , Π
2 , Π 
z 3 cos(2πn p xs)
where
In the above equations, the n p -independent part is finite due to the dimensional regularization in spacetime with odd dimensions but it is potentially divergent. For the n p -independent part, (Π 
where j = 1, 2, 3. At high energies, the vacuum polarizations behave as
. In obtaining the asymptotic values (4.7), (4.8) and (4.9), we have employed the renormalization factors Z A and Z 5 and the renormalized coupling constant λ so as to satisfy the renormalization conditions. Explicitly these constants are given by
As ), (4.10) where the subscript r indicates a renormalized quantity again to avoid confusion. The equations (4.8) and (4.9) include N r in which λ r obeys Eq. (4.12) and is generally nonvanishing. Thus the extra-dimensional Lorentz invariance is violated in a generic region in the parameter space at high energy scales. Especially λ = 0 does not mean λ r = 0.
To identify the effect of the violation of translation invariance due to the brane, we consider the limit L → ∞. For this limit, the factor z 3 approaches zero, z 3 → 0 as L −1 so that the vacuum polarization become Eqs. (4.7), (4.8) and (4.9). Then λ r is given in Eq. (4.12). In the representation (4.12), the limit yields Π (1)
Thus the couping constant for L → ∞ is λ r → λ. Therefore the infinite compactification radius and zero original λ can recover the higher-dimensional Lorentz invariance. Now we move on to the issue of Ward identity. We compare the Lorentz violating case with a simple extension of the four-dimensional quantum electrodynamics. In a simple extension, the vacuum polarization has the form Π
which satisfy the identities,
On the other hand, the asymptotic vacuum polarization given in Eq. , we find that the one-loop vacuum polarizations satisfy the five-dimensional Ward identity even without preserving the five-dimensional Lorentz invariance.
Furry's theorem on orbifolds
So far we have examined the properties of the vacuum polarizations with an explicit diagrammatic calculation. In this section, we give a formal aspect in higher-dimensional gauge theory.
In the four-dimensional electrodynamics, the charge conjugation is a symmetry of the theory, C|Ω = |Ω , where C denotes the charge conjugation and |Ω is the vacuum state. The electromagnetic current, j µ =ψγ µ ψ changes sign under the charge conjugation, Cj µ (x)C † = −j µ (x) so that its vacuum expectation value is vanishing, Ω|T j µ (x)|Ω = 0. Furry's theorem states that any vacuum vacuum expectation value of an odd number of electromagnetic currents is vanishing. Now we consider a two-current function M We have also explicitly derived a nonzero Π µ5 . Thus the structure of Π µ5 needs to be clarified from the viewpoint of Furry's theorem.
The one-loop two-point function for A µj (x) and A ys (w) is given by
with the two-current operator
Here the currents with zero mode are given by j 
From these equations, we obtain CO
. Therefore that Π µ5 is not necessarily zero is consistent with Furry's theorem. In Eq. (2.28),ψ n P L A yn ψ 0 and ψ 0 P R A yn ψ n have relative sign. If they have the same sign, the contribution from the first line in Eq. (5.2) would vanish. The role of the relative sign in the termψ n A ym ψ ℓ in Eq. (2.28) is similar.
Application of Furry's theorem in orbifold models may be given not only for twopoint functions but also for other functions. For example, the vacuum expectation value of one current is vanishing, T j µ n,n (x) = 0, where the indices are the identical n. Because a nonzero Π µ5 is expected from a nonzero Π M N 5D , Furry's theorem in effective four-dimensional theory may be related to the discrete symmetry in the original higher-dimensional theory. Due to the dependence of Lorentz transformation on the dimensionality of spacetime, it is nontrivial to introduce discrete symmetry such as P , C, T in higher-dimensional theory [17, 18] . We leave further exploration of this issue for future work.
Conclusion
We have studied the momentum dependence of Lorentz violating terms in the fieldtheoretical context in electrodynamics on orbifolds. Here an explicit analysis has been performed for loop diagrams and renormalization. We have found that the extra-dimensional Lorentz invariance is violated in a generic region in the parameter space at high energy scales. In particular, even if the original action is higher-dimensional Lorentz invariant, it is violated by loop effects. While the higher-dimensional Lorentz invariance is lost, a higher-dimensional Ward identity has been found to be fulfilled for the one-loop vacuum polarization. Therefore higher-dimensional gauge invariance may be prior to higherdimensional Lorentz invariance as a guiding principle in a high-energy field theory. We have also discussed Furry's theorem in orbifold models to confirm the consistency about the vacuum polarizations.
The four-dimensional Lorentz violation has also been studied as a distinct topic of Lorentz violation. In the four-dimensional electrodynamics with Lorentz violation, it has been discussed that Pauli-Villars regularization is a useful choice associated with gauge invariance [19, 20, 21] . On the other hand, it has been shown that propagators corresponding to Pauli-Villars are radiatively generated in an orbifold model [22] . In this light, the Pauli-Villars regulator may be the necessity of an extra-dimensional model rather than a choice. These relations should be examined further.
With these integral expressions, the vacuum polarizations are summarized as follows:
The vacuum polarizations for A µ and A y do not give rise to one-loop corrections for brane terms. The Kaluza-Klein modes for external lines are diagonal. The fermion self-energies are summarized as follows: 
